Remarks on the energy release rate for an antiplane moving crack in couple stress elasticity  by Morini, L. et al.
International Journal of Solids and Structures 51 (2014) 3087–3100Contents lists available at ScienceDirect
International Journal of Solids and Structures
journal homepage: www.elsevier .com/locate / i jsols t rRemarks on the energy release rate for an antiplane moving crack
in couple stress elasticityhttp://dx.doi.org/10.1016/j.ijsolstr.2014.05.005
0020-7683/ 2014 Elsevier Ltd. All rights reserved.
⇑ Corresponding author. Tel.: +39 0461 282583.
E-mail address: lorenzo.morini@unitn.it (L. Morini).L. Morini a,⇑, A. Piccolroaz a, G. Mishuris b
aDepartment of Civil, Environmental and Mechanical Engineering, University of Trento, Via Mesiano 77, 38123 Trento, Italy
b Institute of Mathematical and Physical Sciences, Aberystwyth University, Ceredigion SY23 3BZ, Wales, UK
a r t i c l e i n f oArticle history:
Received 25 November 2013
Received in revised form 9 April 2014
Available online 15 May 2014
Keywords:
Couple stress elasticity
Energy release rate
Couple stress surface waves
Shielding effects
Weakening effectsa b s t r a c t
This paper is concerned with the steady-state propagation of an antiplane semi-inﬁnite crack in couple
stress elastic materials. A distributed loading applied at the crack faces and moving with the same veloc-
ity of the crack tip is considered, and the inﬂuence of the loading proﬁle variations and microstructural
effects on the dynamic energy release rate is investigated. The behavior of both energy release rate and
maximum total shear stress when the crack tip speed approaches the critical speed (either that of the
shear waves or that of the localized surface waves) is studied. The limit case corresponding to vanishing
characteristic scale lengths is addressed both numerically and analytically by means of a comparison
with classical elasticity results.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Inﬂuence of the microstructure on the mechanical behavior of
brittle materials such as ceramics, composites, cellular materials,
foams, masonry, bones tissues, glassy and semicrystalline poly-
mers, has been detected in many experimental analyses (Park
and Lakes, 1986; Lakes, 1993; Waseem et al., 2013; Beverige
et al., 2013). In particular, relevant size effects have been found
when the representative scale of the deformation ﬁeld becomes
comparable to the length scale of the microstructure (Lakes,
1986, 1995). These size effects inﬂuence strongly the macroscopic
fracture toughness of the materials (Rice et al., 1980, 1981), and
cannot be predicted by classical elasticity theory. In order to
describe accurately these phenomena, generalized theories of con-
tinuum mechanics involving characteristic lengths, such as micro-
polar elasticity (Cosserat and Cosserat, 1909), indeterminate
couple stress elasticity (Koiter, 1964) and strain gradient theories
(Mindlin and Eshel, 1968; Fleck and Hutchinson, 2001; Dal Corso
and Willis, 2011), have been developed and used in many experi-
mental and theoretical studies (Radi and Gei, 2004; Itou, 2013a,b).
Indeterminate couple stress elasticity theory developed by
Koiter (1964) provides two distinct characteristic length scales for
bending and torsion. Moreover, it includes the effects of the rota-
tional inertia, which can be considered as an additional dynamic
length scale. Full-ﬁeld solution for steady-state propagatingsemi-inﬁnite Mode III crack under distributed loading has been
obtained by means of Fourier transform and Wiener–Hopf analytic
continuation technique by Mishuris et al. (2013). A general expres-
sion for the dynamic energy release rate (ERR) corresponding to the
same steady-state antiplane problem has been derived in Morini
et al. (2013), and the stability of the propagation has been analyzed
by means of both maximum total shear stress (Georgiadis, 2003;
Radi, 2008) and energy-based Grifﬁth criterion (Willis, 1971). In
order to investigate how the variation of the applied loading can
affect both energy release rate and maximum total shear stress, in
this paper the solution derived in Mishuris et al. (2013) is extended
considering different distributions for the loading acting on the
crack faces and moving with the same velocity as that of the crack
tip. In particular, the behavior of the energy release rate in the lim-
iting cases when the crack tip speed approaches the shear waves
speed or alternatively the Rayleigh-type surface waves speed and
when the characteristic scale lengths of the material vanish is stud-
ied assuming various amplitudes for the loading proﬁle.
The paper starts with a short description of the problem of a
semi-inﬁnite Mode III crack steadily propagating in couple stress
elastic materials in Section 2, followed by an overview of results
concerning the dispersive propagation of antiplane surface waves.
For both antiplane and in-plane problems, indeterminate couple
stress theory predicts the existence of surface waves analogous
to Rayleigh waves observed in plane classical elasticity (Ottosen
et al., 2000). In the paper, these are referred to as couple stress sur-
face waves, and it is demonstrated that the critical maximum value
for the crack tip speed introduced in Mishuris et al. (2013) and
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ple stress surface waves propagation in the material. A velocity
range for the crack propagation, denominated for brevity sub-
Rayleigh regime, is introduced: in cases where subsonic couple
stress surface waves propagation is detected, a maximum crack
tip velocity smaller than shear waves speed in classical elastic
materials cs is deﬁned and explicitly evaluated as a function of
the microstructural parameters, while in cases where the surface
waves propagation can be only supersonic the limit value for the
crack tip speed is given by cs. The analytical full-ﬁeld solution of
the problem is then addressed in Section 3 using Wiener–Hopf
technique (Noble, 1958). The crack is assumed to propagate in
the sub-Rayleigh regime under generalized distributed loading
conditions of variable amplitude. In Section 4, the dynamic energy
release rate is evaluated explicitly by means of the method devel-
oped by Freund (1972) and extended by Georgiadis (2003), Morini
et al. (2013) and Gourgiotis and Piccolroaz (2013) to static and
dynamic problems in couple stress elasticity.
The effects of the microstructure as well as the inﬂuence of the
loading proﬁle gradients on displacements, stress ﬁelds, maximum
total shear stress and energy release rate are illustrated and dis-
cussed by means of several numerical examples in Section 5. A
strong localization of the applied loading around a maximum near
to the crack tip is not associated with higher levels of the shear
traction and to a larger crack opening. This behavior, detected by
maximum total shear stress analysis, means that in couple stress
elastic materials the action of loading forces concentrated near to
the crack tip is shielded by the microstructure. This shielding effect
is conﬁrmed also by the energy release rate analysis. It is shown
indeed that the energy release rate decreases as the applied load-
ing is more and more localized near the crack tip.
The behavior of the energy release rate shows that if the dis-
tance between the position of application of the maximum loading
and the crack tip grows, in presence of couple stress more energy is
provided for propagating the crack at constant speed with respect
to the classical elastic case, and then the fracture propagation is
favored. Also this weakening effect is due to the microstructural
contributions, and it is in agreement with the results detected in
Gourgiotis et al. (2011) for plane strain crack problems under con-
centrated shear loading. Numerical results illustrate also that,
when the crack tip speed approaches the shear waves speed in
classical elastic materials or alternatively the couple stress surface
waves speed, the energy release rate assumes a ﬁnite limit value
depending on the microstructural parameters. Conversely, if the
characteristic lengths vanish, for any arbitrary loading proﬁle
the value of the energy release rate becomes identical to that of
the classical elastic case. This is an important proof of the fact that,
if the microstructural effects are negligible, the material behavior
is identical to that of a classical elastic body for what concerns
crack propagation. This result, observed in all the proposed numer-
ical examples, is validated by means of the analytical evaluation of
the limit of the energy release rate for vanishing characteristic
lengths reported in Section 6. In this Section, indeed, it is demon-
strated that, if the characteristic lengths vanish, for any arbitrary
applied loading the energy release rate for couple stress materials
tends to the energy release rate associated to an antiplane steady-
state crack in classical elasticity.2. Problem formulation
A Cartesian coordinate system ð0; x1; x2; x3Þ centered at the
crack-tip at time t ¼ 0 is assumed. The micropolar behavior of
the material is described by the indeterminate theory of couple
stress elasticity (Koiter, 1964). The non-symmetric Cauchy stress
tensor t can be decomposed into a symmetric part r and askew-symmetric part s, namely t ¼ rþ s. The reduced tractions
vector p and couple stress tractions vector q are deﬁned as
p ¼ tTnþ 1
2
rlnn  n; q ¼ lTn lnnn; ð1Þ
where l is the couple stress tensor, n denotes the outward unit nor-
mal and lnn ¼ n  ln. For the dynamic antiplane problem, stresses
and couple stresses can be expressed in terms of the out-of plane
displacement u3:
r13 ¼ G @u3
@x1
; r23 ¼ G @u3
@x2
; ð2Þ
s13 ¼ G‘
2
2
D
@u3
@x1
þ J
4
@€u3
@x1
; s23 ¼ G‘
2
2
D
@u3
@x2
þ J
4
@€u3
@x2
; ð3Þ
l11 ¼ l22 ¼ G‘2ð1þ gÞ
@2u3
@x1@x2
;
l21 ¼ G‘2
@2u3
@x22
 g @u3
@x21
 !
; l12 ¼ G‘2
@2u3
@x21
 g @
2u3
@x22
 !
: ð4Þ
where D denotes the Laplace operator, J is the rotational inertia, G is
the elastic shear modulus, ‘ and g the couple stress parameters,
with 1 < g < 1. Both material parameters ‘ and g depend on the
microstructure and can be connected to the material characteristic
lengths in bending and in torsion (Radi, 2008), namely ‘b ¼ ‘=
ﬃﬃﬃ
2
p
and ‘t ¼ ‘
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ gp . Typical values of ‘b and ‘t for some classes of
materials with microstructure can be found in Lakes (1986, 1995).
Substituting expressions (2)–(4) in the dynamic equilibrium
equations (Mishuris et al., 2013), the following equation of motion
is derived:
GDu3  G‘
2
2
D2u3 þ J4D€u3 ¼ q€u3: ð5Þ
2.1. Steady-state crack propagation
We assume that the crack propagates with a constant velocity V
straight along the x1-axis and is subjected to reduced force traction
p3 applied on the crack faces, moving with the same velocity V,
whereas reduced couple traction q1 is assumed to be zero
(Georgiadis, 2003),
p3ðx1;0; tÞ ¼ sðx1  VtÞ; q1ðx1;0; tÞ ¼ 0; for x1  Vt < 0:
ð6Þ
We also assume that the function s decays at inﬁnity sufﬁciently
fast and it is bounded at the crack tip. These requirements are the
same requirements for tractions as in the classical theory of
elasticity.
It is convenient to introduce a moving framework
X ¼ x1  Vt; y ¼ x2. By assuming that the out of plane displace-
ment ﬁeld has the form u3ðx1; x2; tÞ ¼ wðX; yÞ, then the equation
of motion (5) writes:
1m2  @2w
@X2
þ @
2w
@y2
 ‘
2
2
1 2m2h20
  @4w
@X4
 ‘2 1m2h20
  @4w
@X2@y2
 ‘
2
2
@4w
@y4
¼ 0; ð7Þ
where m ¼ V=cs is the crack velocity normalized to the shear waves
speed cs, and h0 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
J=4q
p
=‘ is the normalized rotational inertia
deﬁned in Mishuris et al. (2013).
According to (1), the non-vanishing components of the reduced
force traction and reduced couple traction vectors along the crack
line y ¼ 0, where n ¼ ð0;1;0Þ, can be written as
p3 ¼ t23 þ
1
2
@l22
@X
; q1 ¼ l21; ð8Þ
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tions (6) on the upper crack surface require the following conditions
for the function w:
@w
@y
 ‘
2
2
@
@y
ð2þ g 2m2h20Þ
@2w
@X2
þ @
2w
@y2
" #
¼  1
G
sðXÞ; @
2w
@y2
 g @
2w
@X2
¼ 0; for X < 0; y ¼ 0þ: ð9Þ
Ahead of the crack tip, the skew-symmetry of the Mode III crack
problem requires
w ¼ 0; @
2w
@y2
 g @
2w
@X2
¼ 0; for X > 0; y ¼ 0þ: ð10Þ
Note that the ratio g enters the boundary conditions (9) and (10),
but it does not appear into the governing PDE (7).
2.2. Preliminary analysis on couple stress surface waves propagation
In couple stress elastic materials the existence of surface waves
has been demonstrated for both in-plane and antiplane problems
(Ottosen et al., 2000). Considering a material occupying the upper
half-plane under antiplane deformations, the solution of the gov-
erning equation (5) is assumed in the form:
u3ðx1; x2; tÞ ¼Wðx2Þeiðkx1xtÞ; x2 P 0; ð11Þ
where W is the amplitude, k is the wave number and x the radian
frequency. Substituting (11) into (5) the following ODE is obtained:
W
0000  2
‘2
k2‘2 þ 1x
2
h2
 	 

W 00
þ 2
‘2
k4‘2
2
þ 1x
2
h2
 
k2 x
2
c2s
" #
W ¼ 0; ð12Þ
where cs ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
G=q
p
is the shear wave speed for classical elastic mate-
rials, h ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ4G=Jp and the superscript 0 indicates the derivative with
respect to x2 variable. Eq. (12) can be rewritten in the form
W
0000  2
‘2
1þ 1
m2R
 h20
 
x2‘2
c2s
" #
W 00
þ 1
‘4
1
m2R
 2h20
 
x4‘4
m2Rc4s
 2 1 1
m2R
 
x2‘2
c2s
" #
W ¼ 0; ð13Þ
where mR ¼ vR=cs; vR ¼ x=k is the couple stress surface waves
speed and h0 ¼ cs=h‘ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
J=4q
p
=‘ is the normalized rotational inertia
introduced in the previous section. Eq. (13) admits the following
bounded solution in the upper half-plane, vanishing for x2 ! þ1
Wðx2Þ ¼ Aeaðx;mRÞx2=‘ þ Bebðx;mRÞx2=‘; for x2 > 0; ð14Þ
where
aðx;mRÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 h20 
1
m2R
 
x2‘2
c2s
þ vðxÞ
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 1 h20m2R
 
k2‘2 þ vðk;mRÞ
r
; ð15Þ
bðx;mRÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 h20 
1
m2R
 
x2‘2
c2s
 vðxÞ
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 1 h20m2R
 
k2‘2  vðk;mRÞ
r
; ð16Þ
vðxÞ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2ð1 h20Þ
x2‘2
c2s
þ h40
x4‘4
c4s
s
¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2ð1 h20Þm2Rk2‘2 þ h40m4Rk4‘4
q
: ð17ÞSimilarly to the procedure commonly carried out for studying Ray-
leigh waves in classical elasticity, traction-free boundary conditions
are imposed at the free surface:
p2ðx1;0þ; tÞ ¼ 0; q1ðx1;0þ; tÞ ¼ 0; for 1 < x1 <1; ð18Þ
by using relations (2) and (3), (4) together with expression (11),
Eq. (18) becomes
W 0ð0Þ  ‘
2
2
 x
2
c2s m
2
R
ð2þ g 2h20m2RÞW 0ð0Þ þW 000ð0Þ
	 

¼ 0; ð19Þ
W 00ð0Þ þ gx
2
c2s m
2
R
Wð0Þ ¼ 0: ð20Þ
Substituting expression (14) into Eqs. (19) and (20), the following
system of two algebraic equations for the unknown constants A
and B is derived
DðmR;xÞc ¼ 0; ð21Þ
where c ¼ ðA;BÞT and the matrix D is given by
DðmR;xÞ¼
a3a 2x2‘2
c2s m
2
R
2þg2h20m2R
  
b3b 2x2‘2
c2s m
2
R
2þg2h20m2R
  
a2þgx2‘2
m2Rc
2
s
b2þgx2‘2
m2Rc
2
s
2
666664
3
777775:
The system (21) possesses non-trivial solutions only if
DðmR;xÞ ¼ detDðmR;xÞ ¼ 0: ð22Þ
Expression (22) is the dispersion relation for antiplane couple stress
surface waves, and the propagation velocity corresponding to a
given value of the frequency x or alternatively of the wave number
k can be evaluated by solving this equation.
The normalized wave speedmR ¼ vR=cs is shown in Figs. 1 and 2
as a function of the normalized frequency x‘=cs and the normal-
ized wave number k‘, respectively. Different values for the charac-
teristic parameter g and for the normalized rotational inertia h0
have been considered.
For small values of the rotational inertia, the value of the couple
stress surface waves speed is always greater than the shear waves
velocity in classical elastic materials, and then the couple stress
surface waves propagation is supersonic for any value of the wave
number and frequency. In particular, for the case of vanishing rota-
tional inertia h0 ¼ 0, the wave propagation is dispersive and super-
sonic with monotonically increasing speed, as it as been detected
in Ottosen et al. (2000) and Askes and Aifantis (2011). As the rota-
tional inertia increases, the phase speed behavior changes: the val-
ues of vR may become smaller than cs, and it decreases with the
frequency and the wave number until a limit value corresponding
to mR < 1 and depending on h0 and g is reached. This means that
for large values of the rotational inertia and high frequencies the
couple stress surface waves propagation becomes subsonic, and a
minimum value for the phase speed is individuated for x!1.
For x!1, the dispersion relation (22) exhibits the following
asymptotic behavior
DðmR;xÞ ¼ ð1þgÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12h20m2R
q
ð12h20m2RþgÞ
2
	 

x5‘5
m5Rc5s
þOðx4Þ:
ð23Þ
The minimum value for the normalized surface waves speed,
depending on g and h0, is given by the value of mR for which the
coefﬁcient of the leading order term of (23) vanishes, and then it
can be evaluated by solving the equation:
Kðg; h0;mRÞ ¼ ð1þ gÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2h20m2R
q
 ð1 2h20m2R þ gÞ
2 ¼ 0: ð24Þ
Fig. 1. Variation of the normalized Rayleigh waves speed with the normalized frequency.
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Fig. 2. Variation of the normalized Rayleigh waves speed with the normalized wave number.
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!ðg;h0;mRÞ ¼
1 g2  2h20m2R þ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2h20m2R
q
ð1þ g h20m2RÞ
1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2h20m2R
q ¼ 0:
ð25Þ
The function ! introduced in expression (25) is the same deﬁned in
the Wiener–Hopf factorization of steady-state crack propagation
problem in Mishuris et al. (2013), where the regime !ðg;h0;mÞ > 0
is studied and a critical limit value for the crack tip speed is individ-
uated by relation (25). Consequently, the minimum couple stress
surface waves propagation velocity coincides with the critical value
for steady-state crack propagation, and the condition!ðg; h0;mÞ > 0
introduced in Mishuris et al. (2013) deﬁnes the transition between
two different ranges of velocities, which further in the text will be
called sub-Rayleigh and super-Rayleigh propagation regimes. These
regimes are reported in the h0—m plane in Fig. 3(A).
For the case g ¼ 0 the dispersion curves shown in Fig. 1 are
identical to that obtained in Mishuris et al. (2013) for the shear
waves. Consequently, for g ¼ 0 the couple stress surface waves
degenerate to shear waves and subsonic and sub-Rayleigh regimes
are equivalent. This can be demonstrated by the fact that for g ¼ 0
the eigenvalue b given by (16) vanishes, and only the term of the
matrix (21) depending on a2 is non-zero: in that case the factor
A is also zero and the solution coincides with the planar shear
waves solution.
In Fig. 3(A) it can be observed that for small values of the
rotational inertia the crack propagation is both subsonic andsub-Rayleigh, and the limit value for the normalized crack tip
speed is m ¼ 1. As h0 increases, the limit speed for sub-Rayleigh
regime becomes smaller than for subsonic regime, and the critical
velocity mcðh0;gÞ is determined by solving Eq. (24) or alternatively
(25). The limit value h0 such that for h0 > h

0 the maximum
normalized velocity for sub-Rayleigh regime is given by
mcðh0;gÞ < 1 is plotted in Fig. 3(B) as a function of the microstruc-
tural parameter g.3. Full-ﬁeld solution
The following form for the loading applied on the crack faces is
assumed
sðXÞ ¼ ð1Þ
p
Cð1þ pÞ
T0
L
X
L
 p
eX=L; X < 0; p ¼ 0;1;2; . . . ; ð26Þ
where C is the Gamma function. It is important to note that the
resultant force applied to the upper crack face is T0, indeedZ 0
1
sðXÞdX ¼ ð1Þ
p
Cð1þ pÞ
T0
L
Z 0
1
X
L
 p
eX=LdX ¼ T0: ð27Þ
Moreover, the maximum of the distributed traction sðXÞ is attained
at Xmax ¼ pL. The normalized loading proﬁle s‘=T0 is reported in
Fig. 4 as a function of X=‘ for several values of the exponent p and
of the ratio L=‘. Note that for p ¼ 0, the loading is bounded but dif-
ferent from zero at the crack tip, for p > 0 the loading tends to zero
at the crack tip. Moreover, as L=‘ decreases, the loading is more and
more concentrated around a peak close to the crack tip.
(A) (B)
Fig. 3. (A): Sub-Rayleigh and super-Rayleigh regimes in the m—h0 plane. The continuous line coincides with the transition between subsonic and supersonic ranges. (B):
Variation of h0 as a function of g.
(A) (B)
Fig. 4. Distributed loading applied to the crack faces.
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Section is considered, so that
0 6 m 6 min 1;mcðh0;gÞf g; ð28Þ
where the critical value mcðh0;gÞ is obtained by the solution of
Eq. (24) or (25) for given values of g and h0.
3.1. Solution of the Wiener–Hopf equation
Since the Mode III crack problem is skew-symmetric, only the
upper half-plane (yP 0) is considered for deriving the solution.
The direct and inverse Fourier transforms of the out-of-plane
displacements wðX; yÞ are
wðs; yÞ ¼
Z 1
1
wðX; yÞeisXdX; wðX; yÞ ¼ 1
2p
Z
L
wðs; yÞeisXds; ð29Þ
respectively, where s is a real variable and the line of integration L
will be deﬁned later. Applying the Fourier transform (29)(1) to Eq.
(9)(1) and using the general factorization procedure illustrated in
details in Mishuris et al. (2013), the following functional equation
of the Wiener–Hopf type can be obtained
pþ3 ðsÞ þ
G
ﬃﬃﬃﬃﬃﬃﬃﬃ
s2‘2
p
2‘
Wðs‘Þkðs‘ÞwðsÞ ¼ sðsÞ; ð30Þ
where sðsÞ is analytic in the lower half complex s-plane, Ims < 0
and it is given by
sðsÞ ¼ T0
ð1þ isLÞ1þp
; ð31Þwhere
kðs‘Þ ¼ 1ﬃﬃﬃﬃ
s‘
p
Wðs‘Þðaþ bÞ abða
2 þ b2 þ 2gs2‘2Þ þ a2b2  g2s4‘4 ;
ð32Þ
aðs‘Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ð1 h20m2Þs2‘2 þ vðs‘Þ
q
;
bðs‘Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ð1 h20m2Þs2‘2  vðs‘Þ
q
; ð33Þ
vðs‘Þ ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2ð1 h20Þm2s2‘2 þ h40m4s4‘4
q
; ð34Þ
Wðs‘Þ ¼ !ðg; h0;mÞs2‘2 þ 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2
p
ð35Þ
and !ðg; h0;mÞ is deﬁned in (25). The function kðs‘Þ has been factor-
ized in Mishuris et al. (2013) as kðs‘Þ ¼ kðs‘Þ=kþðs‘Þ, where s‘ 2 R,
and kþðs‘Þ and kðs‘Þ are analytic in the upper and lower
half-planes, respectively. Since sub-Rayleigh regime is investigated,
!ðg;h0;mÞ is positive for all values of crack tip speed and
microstructural parameters considered.
The Wiener–Hopf equation (30) can then be rewritten in the
form:
kþðs‘Þpþ3 ðsÞ
ðs‘Þ1=2þ
þ G
2‘
ðs‘Þ1=2 Wðs‘Þkðs‘ÞwðsÞ ¼
T0k
þðs‘Þ
ðs‘Þ1=2þ ð1þ isLÞ1þp
:
ð36Þ
The right-hand side of (36) can be easily split in the sum of plus and
minus functions. Indeed, we use the fact that the function
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represented as
kþðs‘Þ
ðs‘Þ1=2þ
¼
Xp
j¼0
ð1þ isLÞjFj þ Fþpþ1ðsÞ
¼
Xp
j¼0
ð1þ isLÞjFj þ GþðsÞð1þ isLÞpþ1; ð37Þ
where
GþðsÞ  F
þ
pþ1ðsÞ
ð1þ isLÞpþ1
¼ 1
ð1þ isLÞpþ1
kþðs‘Þ
ðs‘Þ1=2þ

Xp
j¼0
ð1þ isLÞjFj
 !
¼ Oð1Þ; s! þi=L: ð38Þ
Note that the function Gþðs‘Þ exhibits the following asymptotic
behavior:
GþðsÞ ¼ i Fp
sL
þ Oðs2Þ; jsj ! 1;
GþðsÞ ¼ k
þð0Þ
ðs‘Þ1=2þ
þ Oð1Þ; jsj ! 0; with Ims > 0: ð39Þ
Taking this fact into account, the right-hand side of Eq. (36) can be
written in the form
T0k
þðs‘Þ
ðs‘Þ1=2þ ð1þ isLÞ1þp
¼ T0GðsÞ þ T0GþðsÞ; ð40Þ
where
GðsÞ ¼
Xp
j¼0
Fj
ð1þ isLÞpþ1j
ð41Þ
and
GðsÞ ¼ i Fp
sL
þ Oðs2Þ; jsj ! 1;
GðsÞ ¼
Xp
j¼0
Fj þ OðsÞ; jsj ! 0 with Ims < 0: ð42Þ
The unknown constants Fj are computed by evaluating the
integrals:
Fj ¼ L2p
I
c
1
ð1þ isLÞjþ1
kþðs‘Þ
ðs‘Þ1=2þ
 !
ds; ð43Þ
where c is an arbitrary contour centered at the point s ¼ i=L and
lying in the analyticity domain. Substituting (40) in (36), we ﬁnally
obtain:
kþðs‘Þpþ3 ðsÞ
ðs‘Þ1=2þ
 T0GþðsÞ ¼ T0GðsÞ  G2‘ ðs‘Þ
1=2
 WðslÞkðs‘ÞwðsÞ: ð44Þ
The left and right hand sides of (44) are analytic functions in the
upper and lower half-planes, respectively, and thus deﬁne an entire
function on the s-plane. The Fourier transform of the reduced force
traction ahead of the crack tip and the crack opening gives pþ3 	 s1=2
and w 	 s5=2 as jsj ! 1. Therefore, both sides of (44) are bounded
as jsj ! 1 and according to the Liouville’s theoremmust be equal to
a constant F in the entire s-plane. As a result, we obtain
pþ3 ðsÞ ¼
T0ðs‘Þ1=2þ
kþðs‘Þ ½F þ G
þðsÞ
; wðsÞ ¼ 2T0‘
G
GðsÞ  F
ðs‘Þ1=2 Wðs‘Þkðs‘Þ
:
ð45Þ
The constant F is determined by the condition that the displace-
ment wðXÞ is zero at the crack tip X ¼ 0, that isZ 1
1
wðsÞds ¼ 0; ð46Þ
which leads to
F ¼
R1
1
GðsÞds
ðs‘Þ1=2 Wðs‘Þkðs‘ÞR1
1
ds
ðs‘Þ1=2 Wðs‘Þkðs‘Þ
¼ Gðif=‘Þ; ð47Þ
where f is given by
f ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2
p
!ðg;h0;mÞ
s
: ð48Þ
Note here that according to (39), pþ3 ð0Þ ¼ T0, that is the standard
balance condition for this problem. The equivalence between the
two alternative expressions for the constant F reported in relation
(47) can be easily demonstrated by applying the Cauchy integral
theorem (Arfken and Weber, 2005).
3.2. Analytical representation of displacements, stresses and couple
stresses
The reduced force traction ahead of the crack tip p3ðXÞ and the
crack opening wðXÞ can be obtained applying the inverse Fourier
transform (29)2 to expressions (45). Since the integrand does not
have branch cuts along the real line, the path of integration L coin-
cides with the real s-axis. Further, we introduce the change of var-
iable n ¼ s‘, thus obtaining
wðXÞ ¼ T0
pG
Z 1
1
Gðn=‘Þ  F
n1=2 wðnÞkðnÞkþðnÞ
eiXn=‘dn; X < 0; ð49Þ
p3ðXÞ ¼
T0
2p‘
Z 1
1
n1=2þ kðnÞ
kðnÞ ½F þ G
þðn=‘Þ
eiXn=‘dn; X > 0: ð50Þ
The Fourier transform of stress (symmetric and skew-symmetric)
and couple stress ﬁelds can be derived from (2)–(4) namely
r23ðs;0Þ ¼ G
‘
ab gs2‘2
aþ b w
ðsÞ; ð51Þ
s23ðs;0Þ ¼  G2‘
1
aþ b a
2b2 þ ða2 þ b2 þ abÞgs2‘2
ð1 2h20m2Þs2‘2ðgs2‘2  abÞ
o
wðsÞ; ð52Þ
l22ðs;0Þ ¼ Gð1þ gÞðis‘Þab gs
2‘2
aþ b w
ðsÞ: ð53Þ
The inverse Fourier transform can be performed as explained above,
thus obtaining for X > 0
r23ðX;0Þ ¼  T0p‘
Z 1
1
aðnÞbðnÞ  gn2
aðnÞ þ bðnÞ
Gðn=‘Þ  F
n1=2 wðnÞkðnÞ
eiXn=‘dn; ð54Þ
s23ðX;0Þ ¼  T02p‘
Z 1
1
1
aðnÞ þ bðnÞ a
2ðnÞb2ðnÞ þ ða2ðnÞ þ b2ðnÞ
þaðnÞbðnÞÞgn2  ð1 2h20m2Þn2ðgn2
aðnÞbðnÞÞg G
ðn=‘Þ  F
n1=2 wðnÞkðnÞ
eiXn=‘dn; ð55Þ
l22ðX;0Þ ¼ 
iT0ð1þ gÞ
p
Z 1
1
n
aðnÞbðnÞ  gn2
aðnÞ þ bðnÞ
Gðn=‘Þ  F
n1=2 wðnÞkðnÞ
eiXn=‘dn:
ð56Þ
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In this Section the dynamic energy release rate for a Mode III
steady-state propagating crack in couple stress elastic materials
under distributed loading conditions given by expression (26) is
evaluated.
The general expression for the dynamic J-integral in couple
stress elasticity, including also the rotational inertia contribution,
has been derived and proved to be path-independent in the
steady-state case assuming traction free crack faces by Morini
et al. (2013). Considering the moving framework OXy with the ori-
gin at the crack tip introduced in Section 2, the J-integral for a
steady state crack propagating along the X-axis is given by:
J ¼
Z
C
ðW þ TÞnX  p  @u
@X
 q  @u
@X
	 

ds
¼
Z
C
ðW þ TÞdy p  @u
@X
þ q  @u
@X
	 

ds
 
; ð57Þ
where C is an arbitrary closed path surrounding the crack tip, and
nX is the Cartesian component directed along the X-axis of the out-
ward unit vector normal to C, deﬁned by n ¼ ðnX ;nY ;0Þ. Since the
distributed loading of proﬁle (26) acting on the crack line is
assumed, in our case the contribution of the crack faces must be
taken into account, and then in principle the J-integral (57) is not
path-independent. Nevertheless, in this Section the J-integral is
used to determine the dynamic energy release rate evaluating the
limit for C! 0 in (57) (Freund, 1998). This means that the asymp-
totic expressions of displacement and stresses can be used for cal-
culating the energy release rate. Remembering the asymptotics
behavior of displacement and stresses for antiplane cracks reported
in Morini et al. (2013) and the loading function (26), it is easy to
verify that in the limit C! 0 the contribution of the crack faces
to the J-integral (57) vanishes.
We assume the rectangular-shaped integration contour C con-
sidered in Morini et al. (2013), and in order to evaluate the energy
release rate we allow the height of the path along the y-direction to
vanish and wemake the limit e! 0. Assuming this type of contour,
ﬁrst introduced by Freund (1972), solely asymptotic expressions of
displacements and stress ﬁelds are required for evaluating the
energy release rate. Moreover, upon this choice of path, allowing
the height of the rectangle along the y-direction to vanish, the inte-
gral
R
CðW þ TÞdy becomes zero and then the energy release rate is
given by
E ¼ lim
C!0
J ¼ 2lim
e!0
Z e
e
p  @u
@X
þ q  @u
@X
	 

ds: ð58Þ
Since boundary conditions (9) together with anti-symmetry condi-
tions (10) provide that the reduced traction q1 ¼ l21 is zero along
the whole crack y ¼ 0, the dynamic energy release rate for a
steady-state Mode III crack becomes:
E ¼ 2lim
e!0þ
Z þe
e
t23ðX;0þÞ þ 12l22ðX; 0
þÞ
	 

@wðX; 0þÞ
@X

þl21ðX;0þÞ
@u1ðX;0þÞ
@X

dX
¼ 2lim
e!0þ
Z þe
e
t23ðX;0þÞ þ 12l22ðX; 0
þÞ
	 

@wðX;0þÞ
@X
dX: ð59Þ
In the limit jsj ! 1, the Fourier transform of displacements, total
shear stress and couple stress ﬁelds derived in Section 3 assume
the following behavior:
wðs;0þÞ¼ 2FT0‘
G!ðh0;m;gÞðs‘Þ
5=2
 þO ðs‘Þ7=2
 
; Ims<0: ð60Þtþ23ðs;0þÞ¼
FT0ð1þg2h20m2Þ
!ðh0;m;gÞ ðs‘Þ
1=2
þ þO ðs‘Þ1=2þ
 
; Ims>0; ð61Þ
lþ22ðs;0þÞ¼
2iFT0‘
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12h20m2
q
g
 
ð1þgÞ
!ðh0;m;gÞ 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12h20m2
q  ðs‘Þ1=2þ
þO ðs‘Þ1þ
 
; Ims>0; ð62Þ
further, we consider the following transformation formula (Roos,
1969):
xj$ft ijþ1Cðjþ 1Þsj1; with j –  1;2;3 . . . ; ð63Þ
where C is the gamma function and the symbol$ft indicates that the
quantities on the two sides of the (63) are connected by means of
unilateral Fourier transform. Applying the formula (63) to expres-
sions (60)–(62), we get:
wðX;0þÞ¼ 8FT0ði‘Þ
3=2
3
ﬃﬃﬃ
p
p
G!ðh0;m;gÞ
ðXÞ3=2; X<0; ð64Þ
t23ðX;0þÞ¼FT0ð1þg2h
2
0m
2Þði‘Þ1=2
2
ﬃﬃﬃ
p
p
!ðh0;m;gÞ
X3=2; X>0; ð65Þ
l22ðX;0þÞ¼
2FT0
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12h20m2
q
g
 
ð1þgÞði‘Þ1=2
ﬃﬃﬃ
p
p
!ðh0;m;gÞ 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
12h20m2
q  X1=2; X>0:
ð66Þ
Then, by substituting expressions (64)–(66) into Eq. (59), we obtain:
E ¼
4iF2T20 ð1þg2h20m2Þþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1h20m2
q
g
 
1þgð Þ
	 

pG‘!2ðh0;m;gÞ 1þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1h20m2
q  lim
e!0þ
Z þe
e
X1=2 X
3=2
þ dX
¼ 4iF
2T20
pG‘!ðh0;m;gÞ lime!0þ
Z þe
e
X1=2 X
3=2
þ dX; ð67Þ
where X1=2 and X
3=2
þ are distributions of the bisection type. For any
real kwith the exception of k ¼ 1;2;3; . . ., this particular type of dis-
tribution is deﬁned as follows:
Xkþ ¼
jXjk; for X > 0;
0; for X < 0:
(
; Xk ¼
0; for X > 0;
jXjk; for X < 0:

The products of distributions inside the integrals in (67) is evalu-
ated through the application of Fisher’s theorem (Fischer, 1971),
that leads to the relation:
ðXÞkðXþÞ1k ¼  pdðxÞ2 sinðpkÞ ; with k–  1;2;3 . . . ; ð68Þ
where dðxÞ is the Dirac delta distribution. Then, by using the relation
(68) into (67) and considering the fundamental property of the
Dirac delta distribution
Rþe
e dðxÞdx ¼ 1, we ﬁnally get:
E ¼ 2iF
2T20
G‘!ðh0;m;gÞ : ð69Þ
A general explicit expression for the dynamic energy release rate
associated to an antiplane steady state crack in couple stress elastic
materials where a distributed loading of the form (26) is applied on
the crack faces has been derived. Eq. (69) can be compared with the
energy release rate corresponding to a Mode III steady state crack in
classical elastic materials under the same loading conditions:
Ecl ¼ T
2
0
GL
K2pﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2
p ; with Kp ¼ ð1Þ
p
p!
ﬃﬃﬃ
p
p
C 12 p
  ; ð70Þ
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E
Ecl ¼
2iF2L
‘K2p!ðh0;m;gÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2
p
: ð71ÞFig. 5. Variation of the total shear stress t23 along the X-axis.5. Results and discussion
In order to study the effects of loading variations and micro-
structures on crack propagation, several numerical computations
have been performed assuming loading conﬁgurations of the form
(26) with different values of the exponent p and the ratio L=‘. Total
shear stress ahead of the crack tip and crack opening proﬁles are
reported and analyzed in Section 5.1. Effects of p and L=‘ variation
on maximum total shear stress ahead of the crack tip and on
dynamic energy release rate are discussed in Sections 5.2 and
5.3, respectively. The limit cases when the crack tip speed
approaches shear waves and couple stress surface waves velocities
and when the characteristic length ‘ vanishes are investigated.
5.1. Total shear stress and crack opening
In Fig. 5 the normalized variation of the total shear stress is
reported for the same values of the crack tip speed m ¼ 0:3 and
of the normalized rotational inertia h0 ¼ 0:707, and assuming three
different values of g ¼ 0:9;0;0:9f g.
Four different values of p ¼ 0; 1; 2; 3f g and three different val-
ues of L=‘ ¼ 0:5;1;10f g have been considered for the computa-
tions. It can be observed that, as p decreases, and then the
maximum of the loading function approaches the crack tip (see
Fig. 4), the level of the shear stress increases. This behavior is more
pronounced for g ¼ 0:9, whereas it becomes less evident for
g ¼ 0 and g ¼ 0:9. Consequently, for large values of the parameter
g, corresponding to relevant microstructural effects, the increasing
of the shear stress associate to maximum loading level approach-
ing the crack tip is shielded.
As it is shown in Fig. 4, small values of the ratio L=‘ correspond
to a localization of the applied loading close to the crack tip. In
classical elastic media, this implies an increasing of the stress level
ahead of the crack tip. In presence of couple stress, this increasing
is detected for g ¼ 0:9. In this case, since g is close to the limit
value g ¼ 1, the microstructural effects are not very pronounced
and the behavior of the material differs slightly from that of a clas-
sical elastic medium (Radi, 2008). In Fig. 5, the increasing of the
total shear stress associate to the decreasing of the ratio L=‘ is
not observed in the cases g ¼ 0 and g ¼ 0:9. It means that in couple
stress elastic materials, the increasing effect due to the localization
of the applied loading is counterbalanced by relevant microstruc-
tural contributions, corresponding to large values of g. An analo-
gous behavior is detected for the crack opening in Fig. 6: the
value ofw increases as the exponent p decreases and then the max-
imum of the loading function approaches the crack tip, while for
small values of L=‘ such as for example L=‘ ¼ 0:5 the expected
increasing of w due to the major localization of the loading is not
observed. Conversely, as the distance from the crack tip increases,
the crack opening corresponding to small values of L=‘ approaches
a maximum and decreases becoming less than in cases where this
ratio is greater. This conﬁrms that, as it has been deduced observ-
ing total shear stress behavior ahead of the crack tip, the effect of
the applied loading localization is shielded by microstructures of
the material.
5.2. Maximum total shear stress analysis
The normalized proﬁle of the maximum total shear stress, tmax23 ,
is plotted as a function of the crack tip speedm for several values ofthe exponent p and of the rotational inertia h0 in Fig. 7. For all sets
of parameters considered in the study, numerical results show that
for the limit cases m ¼ 1 and m ¼ mc the maximum total shear
stress assumes a ﬁnite critical value.
Observing Fig. 7, it can be noted that in the cases g ¼ 0:9 and
g ¼ 0 the level of tmax23 is greater for small values of p, corresponding
to a maximum of the applied loading localized near to the crack tip.
Conversely, for g ¼ 0:9 the value of tmax23 associated to p ¼ 0 (dotted
lines) is greater than for p ¼ 1 (dashed lines). This is due to the fact
that for large values of g the presence of the microstructures
counterbalances the force action near to the crack tip, where the
maximum of the loading is applied for p ¼ 0.
In Radi (2008) and Georgiadis (2003), a fracture criterion based
on the achieving of a critical level of the maximum shear stress
tmax23 ¼ sC at which the crack starts propagating is deﬁned. Fig. 7
shows that for g ¼ 0:9 and h0 ¼ 0:01 the maximum shear stress
decreases as the crack speed increases until m  0:9, whereas for
m > 0:9 it starts to increase until it reaches the maximum value
form ¼ 1, when the crack speed approaches the shear waves speed
cs. Differently, for h0 ¼ 0:707; tmax23 increases monotonically up to
the maximum value corresponding to m ¼ mc ¼ 0:441, when the
crack tip speed approaches the minimum velocity for couple stress
surface waves propagation. Therefore, referring to the maximum
shear stress criterion, for g ¼ 0:9 and h0 ¼ 0:01 the crack propa-
gation turns out to be initially stable at speed sufﬁciently lower
than the shear wave velocity in classical elastic materials, whereas
it becomes unstable when the velocity approaches cs. Conversely,
for g ¼ 0:9 and h0 ¼ 0:707 the propagation is unstable for any
m such that m < mc . It can be observed that for g ¼ 0 and
h0 ¼ 0:01; tmax23 decreases as the crack tip speed becomes faster
Fig. 6. Variation of the crack opening displacement w along the crack faces.
Fig. 7. Variation of the maximum total shear stress tmax23 with the crack tip speed m.
L. Morini et al. / International Journal of Solids and Structures 51 (2014) 3087–3100 3095and reaches a minimum at m ¼ 1, while for h0 ¼ 0:707 it grows as
m increases until the maximum value corresponding to m ¼ 1.
Consequently, for g ¼ 0 and h0 ¼ 0:01 the crack propagation can
be considered stable, whereas for g ¼ 0 and h0 ¼ 0:707 it turns
out to be unstable. On the basis of the same criterion, the ﬁgures
show that for g ¼ 0:9 the crack propagation is stable for both
h0 ¼ 0:01 and h0 ¼ 0:707.
The reported results conﬁrm the analysis performed in Mishuris
et al. (2013), which shows that relevant microstructural effects,
associated to large values of g, provide a stabilizing effect on the
crack propagation. Moreover, it is important to observe that the
variation of the exponent p inﬂuences the value of tmax23 but not
the qualitative behavior of its proﬁles as a function of m. This
means that if the position of application of the maximum loading
is changed, it does not affect the stability of the propagation. In
Fig. 7 it can also be noted that for large values of the normalized
rotational inertia h0, the level of maximum shear stress ahead of
the crack tip becomes higher. As a consequence, if the contribution
of the rotational inertia is not negligible (as for the case
h0 ¼ 0:707), a major amount of energy must be provided by the
loading in order to initiate the propagation and to allow the crack
propagating at constant speed.
In Fig. 8 the variation of tmax23 is reported as a function of the ratio
L=‘ for m ¼ 0:3; p ¼ 1, assuming g ¼ 0:9; 0; 0:9f g and consider-
ing four different values for the normalized rotational inertia
h0 ¼ 0:01; 0:6; 0:707; 0:8f g. The decreasing of L=‘, is associated
with a strong localization of the applied loading around a maxi-
mum close to the crack front. As just discussed, in classical elastic-ity this implies an increasing of the stress level ahead of the crack
tip. Conversely, Fig. 8 shows that in couple stress materials the
maximum shear stress is zero for L=‘ ¼ 0, then it increases and
after reaching a peak it starts decreasing. This means that if the
loading proﬁle is localized around a maximum close to the crack
tip, then its action is shielded by the effects of the microstructure.
This phenomena is more pronounced for the case g ¼ 0:9, where
the microstructural contributions are more relevant.5.3. Energy release rate
The normalized variation of the energy release rate versus the
crack tip speed m is reported in Fig. 9 for the same value of the
ratio L=‘ ¼ 10, three different values of g ¼ 0; 0:9; 0:9f g and of
the rotational inertia h0 ¼ 0:01; 0:707; 0:8f g. Four different values
of p ¼ 0; 1; 2; 3f g have been considered in the computations. The
curves reported present the same qualitative behavior for all val-
ues of the exponent p: the energy release rate is initially constant
for m 6 0:3, then it increases monotonically until its limiting value
corresponding to m ¼ 1 or m ¼ mc . This means that, once the crit-
ical value Ec ¼ 2c (depending on the material properties) is
achieved (Freund, 1998), the energy release rate always increases
as a function of the velocity, and then if the applied loading pro-
vides the energy necessary for starting the fracture process, the
crack has enough energy to accelerate rapidly up to the limiting
values of the speed (Willis, 1971; Obrezanova et al., 2002). It fol-
lows that, analysing these results by means of Grifﬁth criterion
as it has been done in Morini et al. (2013), the crack propagation
turns out to be unstable for any value of the exponent p, of the
Fig. 8. Variation of the maximum total shear stress tmax23 with the ratio L=‘.
Fig. 9. Variation of the energy release rate with the normalized crack tip speed.
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proﬁle (26) does not affect signiﬁcantly the stability of the propa-
gation, and the stabilizing effect observed for large values of gapplying the tmax23 is not detected. As it has been explained and dis-
cussed in details by Morini et al. (2013), this discrepancy is due to
the fact that the energy release rate is evaluated using the term of
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the singular shear stress term of order r3=2 (see expressions (64)
and (65) in Section 4). This singular contribution dominates very
near to the crack tip, but it is not sufﬁcient to describe accurately
the physical behavior of the stresses at few characteristic lengths
from the crack tip, where higher order terms of the expansions
become important (Hancock and Du, 1991; Smith et al., 2006).
In Fig. 9 it can be observed that in the cases where a rotational
inertia greater than the reference value h0 deﬁned in Section 2 is
considered, the limit value for the energy release rate associated
to m ¼ mc is ﬁnite for any set of microstructural parameters.
Numerical results show that, also in the cases where a small rota-
tional inertia h0 < h

0 is assumed, the limit maximum value Emax
corresponding to m ¼ 1 is ﬁnite. The only exception is represented
by the case g ¼ 0 and h0 ¼ 1=
ﬃﬃﬃ
2
p
 0:707: for these particular val-
ues of microstructural parameter g and rotational inertia h0, couple
stress surface waves degenerate to non-dispersive shear waves
(see dispersion curves in Fig. 1), and for m ¼ 1 the energy release
rate becomes unbounded.Fig. 10. Variation of the ratio E=Ecl witThe ratio between the energy release rate in couple stress mate-
rials and the energy release rate in classical elastic materials (71) is
plotted in Fig. 10 as a function of the normalized crack tip speedm.
These ﬁgures show that E=Ecl is less than one for p ¼ 0, while it is
greater than one for p > 0. As a consequence, if the maximum of
the loading is applied at the crack tip, in couple stress elastic mate-
rials a minor quantity of energy is provided for propagating cracks
at a constant speed respect to classical elastic material. This means
that for p ¼ 0 the action of the applied forces is shielded by the
effects of the microstructures. Conversely, if the maximum loading
is not applied at the crack tip, a major amount of energy is avail-
able in order to propagate the fracture at a given constant velocity
respect to classical elastic media. It follows that for p > 0 the pres-
ence of microstructures facilitate the propagation and a weakening
effect is detected. The observed shielding effect is in agreement
with what has been illustrated analyzing crack opening and max-
imum shear stress for p ¼ 0. Note that also in this case both shield-
ing and weakening phenomena are more pronounced for great
values of g, corresponding to relevant microstructural effects.h the normalized crack tip speed.
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rotational inertia such that h0 < h

0, the ratio E=Ecl tends to zero at
m ¼ 1. This is due to the fact that while the energy release rate in
couple stress materials reach a ﬁnite limit value for m ¼ 1, in clas-
sical elasticity it diverges (see expression (70)). The only case
where E=Ecl may reach a non-zero value for m ¼ 1 corresponds to
g ¼ 0 and h0 ¼ 1=
ﬃﬃﬃ
2
p
 0:707. For this particular values of g and
h0, both E and Ecl becomes unbounded as m ¼ 1, and then their
ratio can be different from zero. Observing Fig. 10, it can also be
noted that in all cases where a rotational inertia greater than h0
is considered, the ratio E=Ecl assumes a ﬁnite non-zero limit value
for m ¼ mc. In particular, due to the fact that for small values of g
the microstructural effects are negligible and the behavior of the
material is similar to that of a classical elastic body (Radi, 2008),
in the case g ¼ 0:9 the ratio E=Ecl tends to one for m ¼ mc inde-
pendently of the value of the exponent p. As g increases, and then
the action of the microstructures becomes relevant, the difference
between the limit values of the ratio associated to different values
of p grows.
The limit values for the normalized energy release rate and for
the ratio E=Ecl, denominated respectively as Emax and Emax=Ecl, are
reported in Fig. 11 as functions of h0. As we can expect on the basis
of previous considerations, the limit value for the ratio Emax=Ecl is
zero for h0 < h

0, and it presents a constant non-zero value for
h0 > h

0. In agreement with Fig. 10, it can be noted that for
g ¼ 0:9 and h0 > h0 Emax=Ecl  1.Fig. 11. Variation of the maximum value of the energy release rate
Fig. 12. Variation of the normalized energy release rate and of theIn Fig. 12 the variation of the normalized energy release rate
and of the ratio E=Ecl are plotted as functions of L=‘ for
p ¼ 1; m ¼ 0:3; h0 ¼ 0:707 and g ¼ 0:9; 0; 0:9f g. The energy
release rate tends to zero in the limit L=‘! 0, then it increases
until it reaches a maximum for L=‘  0:5 and then it start decreas-
ing. This behavior means that, due to the shielding effect induced
by microstructures, for small values of L=‘ < 0:5, corresponding
to a major localization of the applied loading, less energy is pro-
vided for propagating the crack at constant speed, and then frac-
ture advancing is hindered. This shielding effect is also shown by
proﬁles of E=Ecl. Indeed, for L=‘ < 0:5, if a highly concentrated load
is applied close to the crack tip in couple stress materials, then
E=Ecl < 1 and less energy is provided in order to propagate the
crack with respect to classical elastic media. Differently, for
L=‘ > 0:5 a weakening effect analogous to that observed in
Fig. 10 is detected: E=Ecl > 1 and more energy is provided with
respect to elastic materials in order to propagate the crack, such
that crack propagation is favored. It is important to observe that,
for all sets of microstructural parameters, as ‘! 0 and then
L=‘! þ1 the ratio E=Ecl tends to one, and the material assumes
the classical elastic behavior. This behavior is in agreement with
the effects observed for plane strain problems in Gourgiotis and
Georgiadis (2008) and Gourgiotis et al. (2011). It means that as
the characteristic scale lengths of the material decrease, couple
stress effects becomes negligible, and then the material behavior
is identical to that of a classical elastic body for what concernsand of the ratio Emax=Ecl with h0 plotted for p ¼ 0 and L=‘ ¼ 10.
ratio E=Ecl with L=‘ plotted for p ¼ 1;2; m ¼ 0:3 and h0 ¼ 0:6.
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of the analytical evaluation of the limit of the ratio E=Ecl as ‘! 0,
reported in the next Section.
6. Limit of the energy release rate as ‘ ! 0 for a general loading
function sðXÞ
In order to validate the numerical results illustrated in the pre-
vious section, the asymptotic behavior of the dynamic energy
release rate (69) as ‘! 0 is studied. For this purpose, the evalua-
tion of the limit of the Liouville constant F as ‘! 0 is needed. Using
explicit expression (47) together with relation (40) and Cauchy
integral formula, this constant becomes
F ¼ Gðif=‘Þ ¼  1
2piT0
Z 1
1
kþðs‘ÞsþðsÞ
ðs‘Þ1=2þ ðsþ if=‘Þ
ds: ð72Þ
Introducing the deﬁnition of Fourier transform of the loading func-
tion, and remembering that kþðzÞ ¼ 1þ OðzÞ for jzj ! 1 (see
Mishuris et al., 2013 for details), the limit of (72) can be written as
lim
‘!0
F ¼  1
2piT0
lim
‘!0
Z 0
1
sðXÞdX
Z 1
1
eisX
ðs‘Þ1=2þ ðsþ if=‘Þ
ds
" #
¼  1
2piT0
lim
‘!0
Z 0
1
sðXÞ jXj
1=2
‘1=2
dX
Z 1
1
eiy
y1=2þ ðyþ ijXjf=‘Þ
dy
" #
¼  1
T0
lim
‘!0
p i
jXjf
‘
 

Z 0
1
sðXÞ jXj
1=2
‘1=2
dX
" #
;
ð73Þ
where y ¼ sjXj. Introducing t ¼ ijXjf=‘, the integral function
pðijXjf=‘Þ can be written as
p tð Þ ¼ 1
2pi
Z 1
1
eiy
y1=2þ ðyþ tÞ
dy: ð74Þ
For ‘! 0 and then jtj ! 1; pðtÞ exhibits the following asymptotic
behavior
pðtÞ ¼ p1
t
þ O 1
t2
 
¼ 1
t
ﬃﬃﬃ
p
p ðiÞ1=2þ
þ O 1
t2
 
; for jtj ! þ1; ð75Þ
where p1 is given by the integral
p1 ¼
1
2pi
Z 1
1
eiy
y1=2þ
dy ¼ 1ﬃﬃﬃ
p
p ðiÞ1=2þ
: ð76Þ
Substituting expression (74) into the limit (73), it ﬁnally becomes
lim
‘!0
F ¼ lim
‘!0
‘1=2ﬃﬃﬃ
p
p
iðiÞ1=2þ fT0
Z 0
1
sðXÞjXj1=2dX
" #
: ð77Þ
Using expression (77), the limit for ‘! 0 of the energy release rate
(69) can be evaluated:
lim
‘!0
E ¼ lim
‘!0
2iF2T20
G‘!ðh0;m;gÞ
¼ 2
G!ðh0;m;gÞpf2
Z 0
1
sðXÞjXj1=2dX
 2
¼ 1
pG
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1m2
p
Z 0
1
sðXÞjXj1=2dX
 2
¼ Ecl: ð78Þ
The ﬁnal result of the limit (78) coincides with the deﬁnition of
energy release rate for a steady-state crack propagating in classical
elastic material. It is important to note that expression (78) is valid
for any arbitrary loading acting on the crack faces. This is in perfect
agreement with numerical examples presented in Section 5, whichshow that E=Ecl ! 1 for ‘! 0 and then L=‘! þ1. As a conse-
quence, we can say that if ‘ and then both characteristic scale
lengths ‘t and ‘b tend to zero, couple stress effects disappear regard-
less of the applied loading, and then the material behavior is iden-
tical to that of a classical elastic body for what concerns crack
initiation and propagation.
7. Conclusions
The inﬂuence of size effects due to microstructures on antiplane
dynamic crack propagation in elastic materials is investigated by
means of indeterminate couple stress theory. Sub-Rayleigh regime
for the crack propagation in couple stress media is deﬁned, and the
behavior of the dynamic energy release rate and of the maximum
total shear stress is studied considering several different loading
distributions applied at the crack faces. In the cases where the
crack tip speed approaches the shear waves velocity in classical
elastic media or alternatively the minimum couple stress surface
waves propagation velocity in the material, a ﬁnite limit value
for the energy release rate is detected. The analysis shows that if
the applied loading is localized around a maximum close to the
crack tip, its action is shielded by the microstructural effects. Con-
versely, as the proﬁle of the applied loading becomes more uni-
formly distributed away from the crack tip a greater amount of
energy is provided for propagating the crack, and a weakening
effect is observed. Since the predicted shielding and weakening
phenomena can strongly inﬂuence the level of stress ahead of
the crack tip, the analytical results derived in the present work
can represent an important contribution for modeling the mechan-
ical behavior of microstructured materials.
The asymptotic behavior of the energy release rate in the limit
of vanishing material characteristic lengths is studied: numerical
examples show that as the microstructural lengths decrease the
energy release rate approaches the classical elasticity result. These
numerical ﬁndings are validated by means of a rigorous demon-
stration. We prove that, independently of the applied loading, in
this limit the energy release rate for couple stress materials tends
exactly to the energy release rate for classical elastic materials.
This is an important proof of the fact that as the characteristic scale
length becomes negligibly small, size effects vanish and then the
material behavior is identical to that of a classical elastic body
for what concerns dynamic crack propagation.
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